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In this paper we study the equilibrium states of a conducting rod with small
bending stiffness in a magnetic field. The magnetic field is produced by current
flowing in a pair of infinitely long parallel wires. The line between the supports of
the rod is in the plane of the wires and equidistant from them. The rod is clamped
at both ends. We consider planar deformations of the rod. We prove a bifurcation
theorem describing the set of equilibrium states. Our analysis of this problem
brings together two important theories in modern applied mathematics; bifurcation
theory and the theory of singular perturbations for systems of nonlinear ordinary
differential equations. Q 1996 Academic Press, Inc.
1. INTRODUCTION
In this paper we continue our study of the problem of the equilibrium
states of an elastic conductor in a magnetic field produced by current
flowing in a pair of infinitely long parallel wires. The line joining the
supports of the conductor is parallel to the wires and equidistant from
them. This problem is interesting because it is perhaps the simplest
example of a problem of an elastic conductor in a magnetic field which
w xadmits planar solutions and exhibits the phenomenon of bifurcation. In 6
we considered the problem in which the conductor is modeled as a
w xperfectly flexible wire with no resistance to bending. In 7 we modeled the
conductor as a rod which may undergo extension and flexure but not
shear. In each case we were able to apply the global bifurcation results of
w xCrandall and Rabinowitz 1 to study the set of equilibrium solutions.
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In this paper we wish to study the transition between the case of the
perfectly flexible wire, the ``string problem'' and the case in which the wire
exhibits resistance to bending, the ``rod problem.'' In a series of papers
w x8]10 we developed a theory of rods with small bending stiffness. This is a
chapter in the theory of singular perturbations of ordinary differential
w xequations. To obtain our results, we apply the work of Schmeiser 4 and
w xSchmeiser and Weiss 5 , who developed a very general theory of singular
perturbation for systems of nonlinear ordinary differential equations. In
the present work there are two new points of interest. First, in order to
study bifurcation we must linearize the equilibrium equations about a
trivial solution. The first step is to find the eigenvalues of a linear system
of differential equations. Here we use the results of Handelman, Keller,
w xand O'Malley 2 to show that the eigenvalues for the linearization of the
rod problem can be obtained as perturbations of the eigenvalues for the
linearization of the string problem. The second interesting point comes
when we try to construct nontrivial solutions of the rod problem by
applying singular perturbation techniques. We encounter what Schmeiser
calls a singular singularly perturbed boundary value problem. This con-
trasts with our previous work in which we used the theory of regular
singularly perturbed boundary value problems These terms will be defined
.in Section 4. Thus in the present case we will apply a theory different
from the one we applied in the previous papers.
In Section 2 we will state the problem, describe the model we are using,
and formulate our concept of small bending stiffness. In Section 3 we
discuss global bifurcation theory and linearization. Most of the hard work
w xin this area has been done in 7 . The main point of this section is to state
and apply the theorem on perturbation of eigenvalues. In Section 4 we will
state the theorem on singular singularly perturbed boundary value prob-
lems for systems of nonlinear ordinary differential equations. In Section 5
we apply this theorem to our problem. Section 6 consists of some conclud-
ing remarks.
2. STATEMENT OF THE PROBLEM
In this section we first state the rod problem. This is the problem solved
w xin 7 . We formulate our concept of small bending stiffness. This is done by
the introduction of a small parameter e into the constitutive equations
 .stress]strain laws . As e tends to zero formally we arrive at the string
w xproblem which we solved in 6 . The rest of the paper is devoted to showing
how the model of the rod with small bending stiffness serves as a transition
between the two theories.
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 4 3Let i, j, k be a fixed orthonormal basis in Euclidean 3-space E . By a
rod we understand a slender three dimensional body. The planar deformed
configuration of the rod is given by a map
w x 20, 1 2 s ¬ r s s x s i q y s j g E . 2.1 .  .  .  .
The rod is assumed to be welded to fixed supports located at 0 and bi,
where b ) 1. The rod carries a current I. We suppose there is a magnetic
field B present. The force on the rod is then given by
f s s Ir9 = B. 2.2 .  .
Here and elsewhere prime denotes differentiation with respect to s. The
magnetic field is produced by current flowing in two infinitely long parallel
wires which are presumed to be inelastic. The wires are located at
y s "a, z s 0. We assume that a current I is flowing in the positive x0
direction in each of them. The magnetic field produced by the two wires is
then
B s B q B , 2.3 .q y
where
2 I z j q y " a k .0
B s . 2.4 ." 22c z q y " a .
 .  .In 2.4 , c is the speed of light in a vacuum. Note B B is produced byq y
 .the wire at y s ya y s a . We set
r9 s s x9 s i q y9 s j ' ¨ s cos u s i q sin u s j 2.5 .  .  .  .  .  .  . .
and set u 9 s u. The strains of the problem are u and ¨. The classical
equations of equilibrium are
N9 y uH s 0 2.6a .
2l y¨
H9 q uN q s 0 2.6b .2 2a y y
M9 q ¨H s 0. 2.6c .
 .In 2.6 , N and H are the tangential and normal components of the stress
vector and M is the bending moment. The parameter l is defined as
2 I I0
l s . 2.7 .
c
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 .To the equilibrium equations 2.7 we adjoin the geometric relations
x9 s ¨ cos u 2.8a .
y9 s ¨ sin u 2.8b .
u 9 s u. 2.8c .
The elastic properties of the rod are embodied in the constitutive
equations which relate the stresses M and N to the strains u and ¨. Thus
we assume that there are twice continuously differentiable functions
Ã Ã 2R = 0, ` 2 u , ¨ ¬ M u , ¨ , N u , ¨ g R .  .  .  . .
such that
ÃM s s M u s , ¨ s , 2.9a .  .  .  . .
ÃN s s N u s , ¨ s . 2.9b .  .  .  . .
We further assume that the rod is hyperelastic, meaning that there is a real
 .valued stored energy function F u, ¨ such that
Ã ÃM u , ¨ s F u , ¨ , N u , ¨ s F u , ¨ . 2.10 .  .  .  .  .u ¨
We assume that the symmetric matrix
Ã ÃM Mu ¨ is positive definite. 2.11 .Ã Ã /N Nu ¨
y` as ¨ ª 0ÃN u , ¨ ª 2.12a .  . ` as ¨ ª `
ÃM u , ¨ ª "` as u ª "` 2.12b .  .
Ã ÃM 0, ¨ s 0, N 0, 1 s 0. 2.13 .  .  .
In this model the stress H is an unknown of the problem. The boundary
conditions, reflecting the assumption that the rod is clamped at both ends,
are
x 0 s y 0 s u 0 s 0, x 1 s b , y 1 s u 1 s 0 2.14 .  .  .  .  .  .  .
 .  .Thus our boundary value problem consists of 2.6 , 2.8 along with the
 .  .constitutive relations 2.9 and the boundary conditions 2.14 . This is the
w xproblem that was solved in 7 . We observe that for any value of l ) 0 this
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problem admits the tri¨ ial solution
x s bs, y s 0, u s 0, u s 0, ¨ s b , H s 0, 2.15 .
in which the rod is stretched but remains straight.
In order to introduce the concept of small bending stiffness we embed
this problem in a continuum of problems by setting
F u , ¨ s F e u , ¨ 2.16 .  .  .e
and consider the problem with stored energy function F for 0 - e F 1.e
 .Thus instead of 2.9a we have
ÃM s s eM e u , ¨ . 2.17 .  .  .
Thus we see that if e is small, the bending moment is small even if the
corresponding strain u is not. This is what we mean by the phrase ``small
bending stiffness.''
We let
w s e u , 2.18a .
ÃM# s M w , ¨ . 2.18b .  .
 .Equation 2.9b now becomes
ÃN s N w , ¨ . 2.18c .  .
 .  .Thus in place of 2.6 , 2.8c we have
eu 9 s w 2.19a .
eN9 y wH s 0 2.19b .
2l y¨
eH9 q wN q e s 0 2.19c .2 2a y y
eM#X q ¨H s 0. 2.19d .
 .Formally, in the limit as e ª 0 we have M s 0, w s 0 and from 2.19d ,
 .H s 0. From 2.18c
ÃN s N ¨ s N 0, ¨ . 2.20 .  .  .0
 .  .  .From 2.11 , 2.12a , and 2.13 it follows that
y` as ¨ ª 0, XN 1 s 0, N ¨ ª N ¨ ) 0. 2.21 .  .  .  .0 0 0 ` as ¨ ª `,
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As we shall see in Section 5, in the limit, the problem reduces to the string
w xproblem solved in 6 . The purpose of this paper is to investigate the
relation between the set of solutions of the string problem and the set of
solutions of the rod problem as e ª 0.
3. GLOBAL BIFURCATION AND LINEARIZATION
 .  .In this section we consider the linearization of the system 2.8a , 2.8b ,
 .  .and 2.19 with the boundary conditions 2.15 about the trivial solution
 . w x2.14 . This is what we did in Section 2 of 7 . In that work we used some
results on the existence of eigenvalues for a fourth order equation to show
the existence of positive eigenvalues for the linearized equation. Here we
take a different point of view and show that for small e the eigenvalues
may be obtained by applying some results on singular perturbations.
 .  .The convexity and coercivity conditions 2.11 , 2.12 imply that Eqs.
 .  .2.18b , 2.18c can be solved globally for w and ¨ ;
w s W M#, N , 3.1a .  .
¨ s V M#, N 3.1b .  .
 .We consider x, y, u , H, M#, N as our state variables. In the trivial state
 .  .   ..these have the values bs, 0, 0, 0, 0, n , where n s N b cf. 2.20 . The0 0 0
 .problem for the linearized variables x , y , u , H , M , N is then1 1 1 1 1 1
xX s ¨#N 3.2a .1 1
yX s bu 3.2b .1 1
eu X s w#M 3.2c .1 1
eN X s 0 3.2d .1
2lb
XeH s yn w#M y e y 3.2e .1 0 1 12a
eM X s ybH . 3.2f .1 1
The boundary conditions are
x 0 s y 0 s u 0 s x 1 s y 1 s u 0 s 0. 3.3 .  .  .  .  .  .  .1 1 1 1 1 1
 .In 3.2
¨# s ¨ 0, b ) 0, w# s W 0, b ) 0. 3.4 .  .  .N M#
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 .  .Note that 3.2a , 3.2d uncouple from the other four equations. In view of
 .  .  .3.3 the solution of 3.2a , 3.2d is
x s s N s s 0. 3.5 .  .  .1 1
The remaining four equations can be combined to give the fourth order
equation for y ,1
2lb3
XXXX Y2e y y bn w# y y w# y s 0, 3.6 .1 0 1 12a
with the boundary conditions
y 0 s yX 0 s y 1 s yX 1 s 0. 3.7 .  .  .  .  .1 1 1 1
 .  .The problem 3.6 , 3.7 is a singularly perturbed linear eigenvalue prob-
w x  .lem. In 7 we proved that this problem with e s 1 has an infinite
sequence of positive eigenvalues l F l F l ??? with l ª `. Each of1 2 3 k
the eigenvalues is simple. Here we apply the results of Handelman et al.,
w xwho consider this problem in Section 6 of 2 . They show that the
 .  .eigenvalues of 3.6 , 3.7 have the form
l s l0 q O e , 3.8 .  .k k
where l0 is the k th eigenvalue of the reduced problemk
2b2
Yy q l y s 0 3.9 .1 12n a0
y 0 s y 1 s 0. 3.10 .  .  .1 1
w xThese are exactly the equations we arrived at in 6 when we considered
  . w x.the string model cf. 3.14 of 6 . Of course we have
2kp a n . 00l s . 3.11 .k 22b
w x w xAs in 7 we may apply the Crandall]Rabinowitz theory 1 to conclude
that at each eigenvalue l a connected family of nontrivial solutions of thek
rod problem bifurcates from the trivial solution. This family exists globally
in parameter]state space and is at least locally a curve. Of course similar
results hold for the string problem; a branch of nontrivial solutions
bifurcates from the trivial solution at l0 . One might suspect that, in viewk
 .of 3.8 , for small e the global ``picture'' of the set of solutions of the rod
problem is in some sense close to the global ``picture'' of the set of
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solutions of the string problem. The main point of this paper is to show
that in the following sense this is true: For a fixed value of l, given an
isolated nontrivial solution of the string problem, for small e we can find a
``nearby'' solution of the rod problem.
4. SINGULAR SINGULARLY PERTURBED BOUNDARY
VALUE PROBLEMS
w xIn this section we state the results of Schmeiser and Weiss 5 on
singular singularly perturbed boundary value problems. Note: With the
exception of e , the variables used in this section have nothing to do with
.the variables used in the rest of the paper.
We consider boundary value problems of the form
e y9 s f y , s, e , 0 F s F 1 4.1 .  .
b y 0 , y 1 s 0, 4.2 .  .  . .
where y is an n-vector and f and b are nonlinear mappings.
4.3. Remark. Systems of the form
e y9 s g y , z , s, e , z9 s h y , z , s, e .  .
fit into this theory; just multiply the equations for z by e .
 .  .The analysis of 4.1 , 4.2 starts with the reduced system
f y , s, 0 s 0. 4.4 .  .
 .  .If there is a locally unique solution y s Y s of 4.4 and the real parts of
  . .the eigenvalues of the matrix f Y s , s, 0 are bounded away from zeroy
 .  .then 4.1 , 4.2 is called a regular singular perturbation problem. This is the
w x w xproblem considered in 4 . This theory was applied in 8]10 . By contrast
we now consider singular singularly perturbed problems. These are character-
ized by the following conditions:
 .  .A. There exists a solution manifold y s f a , s of 4.4 with a an
 .n -dimensional parameter. The matrix f a , s has constant rank n .0 a 0
  . .B. The matrix f f a , s , s, 0 has an n -dimensional null space withy 0
the real parts of the remaining n y n eigenvalues bounded away from0
zero.
 .  .We look for a solution of 4.1 , 4.2 of the form
y s, e s Y s, e q O e 2 , 4.5 .  .  .  .1
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where
Y s, e s f a , s q Ly s q Ry t q e y s q L y s q R y t , 4 .  .  .  .  .  .  .1 1 1 1
4.6 .
 .where s s sre , t s 1 y s re . The boundary layer correction terms
Ly, Ry, L y, R y satisfy1 1
Ly ` s Ry ` s L y ` s R y ` s 0. 4.7 .  .  .  .  .1 1
 .If we equate terms of order e in 4.1 we find
f a 9 q f s f f a , s , s, 0 y q f f a , s , s, 0 . 4.8 .  .  . .  .a s y 1 e
 .We assume that we can solve 4.8 for a by eliminating y from n1 0
 .equations in 4.8 to obtain an equation of the form
a 9 s h a , f a , s , f a , s . 4.9 .  .  . .s
  .A formal procedure for obtaining an equation for a 9 of the form 4.9 is
w x .given in 5 .
The equations for the boundary layer corrections are
dLy
s f f a 0 , 0 q Ly , 0, 0 , 0 - s - `, Ly ` s 0 4.10 .  .  . . .
ds
dRy
s yf f a 1 , 1 q Ry , 1, 0 , 0 - t - `, Ry ` s 0. 4.11 .  .  . . .
dt
 .The boundary condition 4.2 is satisfied to zeroth order in e if
b f a 0 , 0 q Ly 0 , f a 1 , 1 q Ry 0 s 0. 4.12 .  .  .  .  . .  . .
We then assume
 .  .  .  .C. The boundary value problem 4.9 , 4.10 , 4.11 , 4.12 has an
isolated solution. We then have
w x  .  .4.13. THEOREM 5 . Let f and b in 4.1 , 4.2 be sufficiently smooth and
1w xlet hypotheses A, B, and C hold. Let the space C 0, 1 be equipped with the
5 5norm ? # defined by
5 5 < < < <y # s sup y s q e sup y9 s . .  .
0FsF1 0FsF1
Then there are constants c, e ) 0 such that for 0 - e F e , a solution0 0
 .  .  .  .y s, e to 4.1 , 4.2 exists which is unique in the ball B Y and satisfiesce 1
5 5 2y y Y # s O e . .1
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4.14. Remark. Under assumptions A, B, and C the remaining terms in
  ..Y given by 4.6 can be found. Indeed, if f and b are sufficiently smooth1
higher order approximations to y can be constructed.
5. THE ASYMPTOTIC SOLUTION
In this section we apply the theory of Section 4 to the rod problem. We
 .  .  .write the system 2.8a , 2.8b , 2.19 as
e x9 s eV M#, N cos u 5.1a .  .
e y9 s eV M#, N sin u 5.1b .  .
eu 9 s W M#, N 5.1c .  .
eN9 s W M#, N H 5.1d .  .
2l yV M#, N .
eH9 s yW M#, N N y e 5.1e .  .2 2a y y
eM#X s yV M#, N H . 5.1f .  .
 .The boundary conditions are given by 2.14 . We see that the reduced
  ..system cf. 4.4 is
T0, 0, W , WH , yWN, yVH s 0, 5.2 .  .
which has the solution
H s 0, M# s 0. 5.3 .
 .The solution manifold f a , s is given by
T T
f a , s s x , y , u , N , H , M# s a , a , a , a , 0, 0 . 5.4 .  .  .  .1 2 3 4
 .   . . Clearly f a , s has rank n s 4. The matrix f f a , s , s, 0 in thea 0 y
.terminology of Section 4 is given by
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 WM#
f f a , s , s, 0 s , 5.5 .  . .y 0 0 0 0 0 0
0 0 0 0 0 yW aM# 4 0
0 0 0 0 yV 0
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 .  .where W s W 0, a ) 0, V s V 0, a ) 0. The characteristic equa-M# M# 4 4
  . .tion of f f a , s , s, 0 isy
l4 l2 y VW a s 0. .M# 4
  . .As we shall see a ) 0. Thus f f a , s , s, 0 has one positive and one4 y
negative eigenvalue and four zero eigenvalues. We now determine the
a 9's. We denote by x , y , . . . the terms of order e in the expansion of1 1
 .x, y, . . . . The equation corresponding to 4.8 is then
a X s V 0, a cos a 5.6a .  .1 4 3
a X s V 0, a sin a 5.6b .  .2 4 3
a X s W 0, a M 5.6c .  .3 M 4 1#
a X s 0 5.6d .4
2la V 0, a .2 4
0 s yW 0, a M a y 5.6e .  .M# 4 1 4 2 2a y a2
0 s yV 0, a H . 5.6f .  .4 1
 .  .We may combine 5.6c and 5.6e to eliminate M and obtain1
2la V 0, a .2 4Xa s y . 5.7 .3 2 2a a y a .4 2
 .  .  .  .In Eqs. 5.6a , 5.6b , 5.6d , and 5.7 we make the replacements a s x,1
 .a s y, a s u , a s N. By 5.6d , N is constant and therefore so is2 3 4
 .¨ s V 0, N . Now the remaining equations can be combined to obtain
N 2l yy9
x0 y s 0 5.8a .2 2¨ a y y
N 2l yx9
y0 q s 0. 5.8b .2 2¨ a y x
w x   .  .This is exactly the string problem considered in 6 cf. Eqs. 3.18 , 3.19 of
w x .6 with the substitution z ª x, x ª y . In that paper we proved the
existence of global branches of solutions of this problem which bifurcate
0  .from the trivial solution at the points l given by 3.11 .k
  .  .  . .We assume that for a fixed value of l, x s , y s , u s , N is an0
isolated nontrivial solution of the string problem. This solution will satisfy
 .  .  .2.8a , 2.8b , and 5.8 , and the boundary conditions
x 0 s y 0 s 0, x 1 s b , y 1 s 0 5.9 .  .  .  .  .
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but will not, in general, satisfy
u 0 s 0, u 1 s 0. 5.10 .  .  .
 .  .  .  .It is precisely the failure of the solution of 2.8a , 2.8b , 5.8 , 5.9 to
 .satisfy 5.10 which makes it necessary to append the boundary layer
correction terms to this solution in order to obtain an approximate
solution to the rod problem for small e ) 0.
We now turn to the boundary layer corrections. We consider the
boundary layer correction at s s 0. We denote the boundary layer correc-
 .  .tions at s s 0 to x, y, u , N, H, M# by x#, y#, f, n, h, m . Then these
  ..quantities satisfy cf. 4.10
dx#
s 0 5.11a .
ds
dy#
s 0 5.11b .
ds
df
s W m , n q N 5.11c .  .0ds
dn
s W m , n q N h 5.11d .  .0ds
dh
s yW m , n q N n q N 5.11e .  .  .0 0ds
dm
s yV m , n q N h. 5.11f .  .0ds
All the variables vanish at s s `. The boundary conditions at s s 0 are
x# 0 s y# 0 s 0, f 0 s yu 0 . 5.12 .  .  .  .  .
 .  .  .We let n# s n q N . Then 5.11c , 5.11d , 5.11e can be combined to0
give
dn# df
s h 5.13a .
ds ds
dh df
s yn# . 5.13b .
ds ds
 .The solution of 5.13 for which h ª 0, n# ª N as s ª ` is0
n# s s N cos f s 5.14a .  .  . .0
h s s yN sin f s . 5.14b .  .  . .0
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 .  .Equations 5.11c and 5.11f now become
dm
s V m , N cos f N sin f 5.15a .  .0 0ds
df
s W m , N cos f . 5.15b .  .0ds
w x  .These equations were analyzed in 8 . We observe that 0, 0 is a saddle
 .  .point for 5.15 . Thus there is exactly one pair of orbits of 5.15 entering
the origin as s ª `. Along these orbits m and f decay exponentially.
What we must show is that there is some m such that the point0
  ..m , yu 0 lies on one of these orbits. It will then follow that the solution0
 .of 5.15 passing through this point at s s 0 will decay exponentially as
  .  ..s ª `. Once we have this solution f s , m s then the solution of
 .  .5.10 , 5.11 will be given by
x#, y#, f , n , h , m s .  .
s 0, 0, f s , N cos f s y N , yN sin f s , m s . 5.16 .  .  .  .  . .0 0 0
 .  .The key to analyzing 5.15 is the observation that 5.15 is actually in
Hamiltonian form. To see this, recall that the functions V and W arise
Ã .  .from the inversion of Eqs. 2.18b , 2.18c . Recall also that the functions M
Ã  .and N are given in terms of the stored energy function F by 2.10 . Thus if
we set
C* m , n s mW m , n q nV m , n y F W m , n , V m , n 5.17 .  .  .  .  .  . .
 .the Legendre]Fenchel transformation we have
CU m , n s W m , n , CU m , n s V m , n . 5.18 .  .  .  .  .m m
 .The function C* is convex and coercive in m, i.e., C* m, n rm ª ` as
< <m ª ` uniformly for n in a bounded interval. Thus if we set
C m , f s C* m , N cos f 5.19 .  .  .0
 .then 5.15 can be written
dm
s yC m , f 5.20a .  .fds
df
s C m , f , 5.20b .  .mds
 .i.e., 5.15 is Hamiltonian.
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w xAs in 8 , an easy argument shows that the orbits entering the origin as
s ª ` are, in fact, separatrices connecting the origin to the stationary
 .  .points at 0, " 2p . Thus given u 0 we can find a value m such that0
  ..m , yu 0 lies on one of these orbits. So the construction of the0
boundary layer correction terms at s s 0 is complete. The construction of
the boundary layer correction terms at s s 1 is exactly the same.
w xAs in 8 , we can show that the solution of the system consisting of
 .  .  .  .  .5.6a , 5.6b , 5.6d , 5.7 , the ``interior equations,'' 5.11 , the left bound-
ary layer equations, and the corresponding right boundary layer equations,
 .  .along with the boundary conditions 5.9 , 5.12 and corresponding bound-
ary conditions at s s 1, is isolated. Theorem 4.13 thus applies and we may
conclude:
  .  .  . .THEOREM 5.21. Let x s , y s , u s , N be a nontri¨ ial solution of0 0 0 0
the string problem for some fixed ¨alue of l ) 0,
N 2l yy90
x0 y s 0 5.22a .2 2V 0, N a y y .0
N 2l yx90
y0 q s 0 5.22b .2 2V 0, N a y y .0
x 0 s y 0 s 0, x 1 s b , y 1 s 0, 5.22c .  .  .  .  .
and suppose that this solution is isolated i.e., for this ¨alue of l the solution
.is locally unique . Then there exists e ) 0 such that for 0 - e F e the rod0 0
 .  .problem 5.1 , 2.14 has a locally unique solution ha¨ing the form
x s, e s x s q O e 5.23a .  .  .  .0
y s, e s y s q O e 5.23b .  .  .  .0
s 1 y sÄu s, e s u s q f q f q O e 5.23c .  .  .  .0  /  /e e
s 1 y sÄN s, e s N cos f q N cos f y N q O e 5.23d .  .  .0 0 0 / /  / /e e
s 1 y sÄH s, e s yN sin f y N sin f q O e 5.23e .  .  .0 0 / /  / /e e
s 1 y s
M# s, e s m q m q O e . 5.23f .  .  .Ä /  /e e
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 .   .  ..  .In 5.23 , m s , f s is the solution of 5.15 which vanishes at
Ä .  .   .  ..infinity and satisfies f 0 s yu 0 . m t , f t is the solution of theÄ0
corresponding boundary layer equations at s s 1. If we assume further
smoothness of the strain energy function F we can compute higher order
correction terms both in the interior and in the boundary layers.
6. CONCLUDING REMARKS
In this paper we have tried to show how the branches of the nontrivial
solutions of the rod problem can be thought of as evolving from the
branches of nontrivial solutions of the string problem. One thing we
should point out is the crucial role nonlinearity plays in our result. Recall
that in Section 5 we assume that for a fixed value of l, the solution of the
 .string problem is isolated in order to satisfy condition C of Section 4 . If
the problem were linear this would definitely not be the case since we
w xwould be dealing with a linear eigenvalue problem. In 2 , which treats a
 .single linear equation, the authors obtain an asymptotic as e ª 0 repre-
w xsentation of the eigenfunctions, while in 3 , which treats a singularly
perturbed system of first order linear equations, the author derives an
 .asymptotic expansion of the eigenfunctions for s in the open interval 0, 1
but does not deal with the boundary layer corrections.
We can say something about the nodal structure of the solutions of the
w x  .rod problem. In 6 we showed in the notation of the present paper that,
for the solution of the string problem on the branch bifurcating from the
0  .trivial solution at l , the y component has exactly k y 1 zeros on 0, 1k
w xand this property characterizes the branch. In 7 we considered the
problem of nodal structure of the solutions of the rod problem and showed
 .Proposition 4.1 that the y component of the solution bifurcating from the
 .trivial solution at l has exactly k y 1 zeros on 0, 1 at least as long as thek
 .  .rod remains in tension, i.e., N s ) 0 on 0, 1 . By using the techniques of
these papers, we can show
  .  .  . .PROPOSITION 6.1. Suppose that for some ¨alue of l, x s , y s , u s , N0
is a nontri¨ ial solution of the string problem belonging to the branch of
0   .  .solutions bifurcating from the tri¨ ial solution at l . Let x s, e , y s, e ,k
 .  .  .  ..u s, e , N s, e , H s, e , M# s, e be the solution of the rod problem gi¨ en
 .  .by 5.23 . Then there exists e ) 0 such that for 0 - e F e , y s, e has1 1
 .exactly k y 1 zeros on 0, 1 .
 .Proof. We note that the solution 5.23 depends continuously on e for
 .  .0 - e F e . Now we observe that since N ) 0, N s, e given by 5.23d0 0
PETER WOLFE452
 .remains positive while the solution 5.23 remains nontrivial for 0 F e F e1
w xfor some e ) 0. Thus we may apply the reasoning of Proposition 4.1 of 71
to reach the conclusion.
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